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RELATIONSHIPS BETWEEN BUBBLE FREQUENCY,
DEPARTURE DIAMETER AND RISE VELOCITY IN
NUCLEATE BOILING

H. J. IVEY?}

(Received 3 October 1966 and in revised form 28 January 1967)

Abstract—Many analyses of boiling heat transfer include the terms bubble frequency f, bubble diameter D,
and bubble rise velocity u, in their expressions for nucleate boiling heat flux and critical heat flux. In order
to simplify these expressions individual relationships between f and D, and the relationship u = /D, are
often used over the entire range of bubble diameters.

Evidence is presented which indicates that a single relationship only approximately correlates f with D
for all nucleate boiling bubble diameters. Three separate regions are suggested by the experimental data,
which correlate the data for each region better than a single relationship : (a) hydrodynamic region. in which
the major forces acting on the bubble are buoyancy and drag: fD* = 090 g*; (b) transition region. in
which buoyancy, drag and surface tension forces are comparable: f D* = 044 g* (cm?); and (c) thermo-
dynamic region, in which conditions during bubble growth predominate: fD? = constant. Theoretical
explanations for the variation of f with D are proposed for regions (a) and (c).

Experimental observations indicate that the relationship u = fD is only approximately valid over the
range of bubble diameters: 002 > D > 3 cm. The relationship u/fD = 1, therefore, should not be incor-
porated into accurate theoretical analyses of the boiling phenomenon, in which the proportionality constant

relating dimensionless groups is obtained as an exact theoretical value.

NOMENCLATURE 1, mean (arithmetic, unless otherwise
A, area [cm?]; stated) of f s~ T . ‘
alg, dimensionless acceleration ; G, mass velocity of 2vapour in departing
b, thermal boundary-layer thickness bubbles [ gn/cm’s];
[em]; d. acceleration due to gravity [cm/s?];
C, specific heat at constant pressure 9o mass-acceleration/force conversion
[J/g., degC]; constant [ g, s?/dyn cm];
Cp drag coefficient; h, heat-transfer coefficient [W/cm?
D, bubble diameter [cm]; o degC];
D, mean (arithmetic, unless otherwise & thermal conductivity [W/em degC];
stated) of D [cm]; m, mass of bubble g,] ;
D,, cavity diameter [cm]; N, bubble sites per unit area of heater
JA frequency of bubble emission [s™']; surface, = n/A[cm™?];
fs bubble frequency at individual site ~ Nwe ~ Nusseltnumber;
[s~'1; n, number of bubble sites on heater
surface;
Q, heat energy {J};
q heat flow [W];
t Senior Scientific Officer, Science Research Council, q/ A, he_a.t flux [W/ cmz];
London, UK. (g/A),,, critical heat flux [W/cm?];
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R, bubble radius [cm];

r, radius [em];

T, temperature [ °C];

t, time [s];

t, period of single bubble
= tc + td[s];

L, contact time of liquid with heater
surface for single bubble [s];

ty, growth time of bubble on heater

surface [s];

u, bubble rise velocity [cm/s];

v, bubble volume at departure [cm?];

Vi bubble volume at departure for a
given site [em?];

V. mean (arithmetic, unless otherwise
stated) of ¥; [cm?].

Greek symbols

a, thermal diffusivity [cm?/s];

dp. thickness of superheated liquid layer
[em];

AT, temperature difference [degC];

AT, critical bubble superheat [degC];
Ap, Pr— Py [ Bu/em’];
0, wall temperature minus saturation
temperature [degC]J;
A, latent heat of vapourisation [J/g,,];
i, viscosity [cm?/s];
0. density [g,/cm*];
g, surface tension [dyn/cm];
¢(...), functionof{...).
Subscripts
b, bulk liquid;
L, liquid;
s, saturation;
v, vapour;
w, wall of heater.
Superscripts
*, surface averaged value;
ek, time and surface averaged value;
X, exponent.

H. J. IVEY

1. THE RELATIONSHIP f = ¢(D, . ..)

1.1 Introduction

THE EXPRESSION relating frequency f to diameter
D for nucleate boiling bubbles is of major im-
portance in the analysis of boiling heat transfer.
This arises because either bubble diameter or
frequency may be eliminated in analytical ex-
pressions for heat transfer in both the nucleate
boiling region and at the critical heat flux.

The product fD* occurs in almost every
analysis of nucleate boiling to date. Examples of
nucleate boiling theories which involve f'and D
are those of Jakob and Linke [ 1], Rohsenow [2].
Sterman [3] and Treshchov [4]. These theories
derive heat flux as the enthalpy transported by
one bubble, multiplied by the frequency of
bubble emission and the number of bubbles
emitted per unit area. The heat flux associated
with the formation of the bubbles is given by
the following expression in which mean values of
the variables are used:

q N r=3
= o — fD3Ap, + cLpLAT). (1)
(A )bubble A P Lpr

The product fD? is also used in all analyses
of the critical heat flux in pool boiling using a
liquid continuous-vapour discontinuous type
of model [6], and in other analyses using rather
different models. Examples of such analyses
using a liquid continuous-vapour discontinuous
model are those of Deissler [ 7], Rohsenow and
Griffith [8], Griffith [9] and Chang and Snyder
[10], and an example using a different model of
the disposition in space of the liquid and vapour
phases is that of Zuber [11].

As Rallis and Jawurek [ 12] have pointed out,
care should be taken in the definition of the
mean valdes of the variables used in equation
(1). In particular the mass velocity G of vapour
leaving the heating surface is

1 N\ noo_

i=1

Most theories employ arithmetic means for
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both fand ¥ for substitution into the right hand
side of equation (2). This practice is in general
invalid, because as soon as the mean value of
either for V is defined, the remaining parameter
(V or f) is also defined through equation (2).
It may be noted that the f; and V; in equation (2)
are themselves time-averaged mean values for
the ith nucleating site although Rallis and
Jawurek do not take this into account. Care
is therefore necessary in defining f; and V; to
evaluate the product f;V; in the left-hand side of
equation (2).

The ideal information to be derived from an
experimental determination of f, V and n/A4
would appear to be the value of each individual
bubble volume V with its associated frequency f
(presumably measured as the inverse of the

bubble period ¢,) for each of the n nucleating sites.

These values should then be measured continu-
ously over a sufficiently long period of time to
allow for any long-term variations in bubble
production at any one site to be determined.
This is a very difficult task and all experimental
data for f and V have usually been in terms of
their arithmetic averages for each boiling con-
dition or, at most, for individual nucleating
sites. The results obtained by the present author
are time-averaged values of f and D for indivi-
dual nucleating sites.

1.2 Previous work on the relationship between
bubble frequency and diameter

The most clearly defined properties of a
boiling bubble are its size at departure and its
frequency of emission from a given nucleation
site. Since Jakob and Linke [ 1] noted a similarity
in the magnitudes of the product fD for vapour
bubbles in water and in carbon tetrachloride,
many attempts have been made to generalise
the relationship between f and D. In general
there are three different approaches to the
problem: (a) hydrodynamic, (b) experimental
and (c) thermodynamic. The three methods of
approach are examined in the present section
in order to compare their predictions (in
Section 1.3) with a wide range of experimental
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data. It is also demonstrated that no single
relationship applies over the entire range of D.
Care should therefore be taken to choose a
relationship between f and D most suited to
the boiling conditions anticipated, when in-
corporating such a relationship in an analysis
of boiling heat transfer.

(a) Hydrodynamic region. In this region the
diameter and frequency are assumed to depend
solely on the buoyancy and drag hydrodynamic
forces acting on a bubble (thus inertia, surface
tension, and viscous forces are neglected).

Cole [13] equated drag force with buoyancy
force for a freely rising vapour bubble and, with
the assumption of Deissler [7] that critical
heat flux occurs when successive bubbles leaving
the surface touch and coalesce at fD = u,
deduced that:

49(pr — p,) \
pt = LT AJ Y
/ ( 3Cppy, >

It was observed experimentally that C,, ~ 1 for
steam bubbles rising at atmospheric pressure
[13], and for p, > p,

fDY = 115¢4%

3

@

Zuber [11] incorrectly quoted Peebles and
Garber’s results, for the region of bubble size
in which bubble rise velocity is independent of
bubble diameter (see Appendix 1), as

- %
w18 (ggca(pLz pv)> .
PL

5)

Zuber assumed 2f D = u, from the observations
of Jakob [16] that an adhering bubble’s centre
of gravity rises with the same velocity as a
detached bubble, and that 1/f is approximately
half the bubble lifetime, which gave:

g9.o(pL — p)\*
fD =059 <—’—;—-—) .

PL

(6)

McFadden and Grassmann [17] assumed
that fD is dependent upon diameter and that
fD = ¢(p;, 0, Ap, D). Dimensional analysis was
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stated to give the following equation (although
g had not been included originally):

pL \* _  [9gApD?
() =% )

Primarily due to their experimental results for
boiling nitrogen, and by assuming Ap ~ p;.
they obtained:

(7)

fD* = 0-56g%. 8)
This is very similar to the Davies and Taylor [ 18]
result for large spherical cap bubbles in which
u = 0472 (gD)?, and where u = fD is assumed.

What is believed to be a more accurate dimen-
sional analysis of the hydrodynamic problem is
given by the present author in Appendix 2.

It is of interest to note that the result of Zuber
[equation (6)] is equivalent to that of Cole
[equation (4)] and of McFadden and Grassmann
[equation (8)], through use of the Fritz expres-
sion for bubble diameter at break-off

E
4.0
o] —— .
(gAP>

Equations (6) and (9) give

fD* oc (gﬂy
PL

which is equivalent to the result of Cole, and of
McFadden and Grassmann, because for most
conditions Ap ~ p;.

(b) Transition region. In this region the bubble
diameter and frequency are assumed to depend
on three dynamic forces which are all similar in
magnitude: these are the forces of buoyancy,
drag, and surface tension. Analysis of these
forces is difficult, and the variation of f with D
is therefore obtained by experiment.

Jakob and Linke [1] proposed a boiling
heat-transfer mechanism in which the para-
meters of importance were the ratio of surface
area occupied by vapour bubbles to the total
heater surface area, the ratio of bubble volume
at break-off to that at the free liquid surface,
and an expression for the rate of vapour for-

)

(10)

IVEY

mation from unit area of the heater surface.
Dimensional analysis then gave

_ q/A
Na = ¢<ipv<fD))'

From experimental observations on water and
carbon tetrachloride it was found that fD ~
constant.

Nishikawa and Urakawa [19] made the
following independent observations from their
experimental data:

q/A o (n/A)
hoc (fD3n/A)*
0 oc (q/A)* (n/4)~%.

(11)

(12)

Gaertner and Westwater [20] also observed
experimentally the first of the expressions in
equation (12). From equation (12) it may be
deduced that fD* = constant.

Rallis and Jawurek [12] observed that in
boiling from a thin horizontal wire to water at
saturation, fD* = constant at any one par-
ticular heat flux. In addition, the value of fD3
increased appreciably with increase in heat flux.

Siegel and Keshock [21] carried out experi-
ments on bubble behaviour at reduced gravities
and found that independently f o a/g and D oc
(a/g)”*. When combined, this gives the expres-
sion D oc g*.

(c) Thermodynamic region. In this region the
bubble diameter and frequency are assumed to
be governed solely by thermodynamic con-
siderations. For example as for conditions during
bubble growth, where growth rate is determined
by the heat-transfer rate through the region near
the liquid—vapour boundary of the bubble.

Zizina-Molozhen and Kutateladze [22] as-
sumed a steam bubble under thermal equili-
brium ; where g and h refer to the liquid—vapour
bubble surface:

q = 4nR%p A (i—f) = 4nR*hH.  (13)

With h0 = g/A, an average constant value q/A4
was assumed. Equation (13) was integrated
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between limits ¢ = 0 and ¢ = ¢, where ¢, is the
time the bubble exists on the heating surface,
and gave

2q/A
Apy

’t—) =fD= (14)

Staniszewski [23] used equation (13) and an
equation giving the heat transferred across the
bubble wall, together with (dT/dr)§- g, = ¢(R),
to give (with no interval between bubbles
departing in period t, = 1/f):

S/D_R_ _ kfdTA™
2 - tb_ /1,0,, dr r=R‘

Hatton and Hall [43] started with the bubble
growth equation developed by Plesset and
Zwick [44] to give the diameter of the bubble

, % ( Dip, \’
47 3 \4k,AT,

where AT, is the critical bubble superheat.
Using the Hsu [45] and Han and Griffith [46]
expression for bubble nucleation when the
superheated liquid layer surrounding a critical
bubble is above the temperature required for the
initiation of its growth, Hatton and Hall as-
sumed 4, » D, and for saturation T, = T,
which gave

(15)

(16)

_ 40T,
Ap,D,

Hatton and Hall used equation (24) and by
putting ¢, = 0 for all but very low pressures
obtained f= 1/t,, Combination of equations
(16) and (17) then gave:

fe 1 3 /[ 16koT, Y
Tt ma\(Ap,)?DD,.)’

For a given liquid and pressure f D = constant.
D[ 2. The experimental data of Hatton and Hall
are correlated by the expression fD? = 485 x
1077 (fin s~1, D in cm), in which the value of
the constant would be expected to increase for
higher heat fluxes.

AT, =(T, - T)=(T, - T)

(17)

(18)
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The present author suggests an alternative
thermodynamic approach which gives fand D
as functions of physical properties of the boiling
liquid. For very small bubbles the bubble
diameter is in the same order of magnitude as
the thermal boundary-layer thickness. A model
for the bubble growth cycle may be proposed
as follows. At the beginning of the bubble cycle,
cool bulk liquid fills the space left by the pre-
viously departed bubble, and a thermal bound-
ary layer develops by heat conduction. This is
a cyclic phenomenon which lends itself to
solution by the heat-conduction equation for
the quasi-stationary case, where the heating
surface-liquid interface temperature changes
periodically with time at a frequency equal to
that of the bubble emission frequency. Approxi-
mating the liquid to an infinitely thick wall, and
assuming that the interface temperature changes
according to a sine-shaped curve of frequency
1/t,, then Eckert [5] noted that the temperature
oscillations in the liquid have almost ceased at a
liquid depth b given by

b = 1-6 (nat,)*. (19)

Equation (19) provides an expression for the
maximum cyclic thermal boundary-layer thick-
ness b.

Substituting thermophysical properties for
nitrogen at saturation temperature into equation
(19) and noting that t, = 1/f:

fib = 1-6(na)* = 0086 cm s *. (20)

This may be compared with the equation of the
line through the experimental results of
McFadden and Grassmann for liquid nitrogen
shown in Fig. 1 and evaluated at normal gravity:

f*D = 0270 (cm's ™). 21)

The similarity of equation (20) with equation (21)
is evident. The not unreasonable proposal that
the thermal boundary-layer thickness b is one
third of the bubble diameter D (for these results)
then gives b = D/3 and equivalence of equations
(20) and (21). From this it may be deduced that
fD? =23 (ma). Griffith [25] has predicted,
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FiG. 1. Experimental data from the literature with the three proposed correlations.

from a bubble growth-rate model for small
values of parameter C,, = p,C,;AT/p A, that the
maximum size attained by the bubble is pro-
portional to the thickness of the superheated
thermal boundary layer next to the heater surface.
This is similar to the author’s model, whereby the
oscillation thermal boundary-layer thickness
determines the frequency-diameter behaviour
of the boiling bubbles for small bubbles. Han
and Griffith [46] have also recently extended
the use of the transient thermal boundary-layer
thickness b = (nat)¥ to an analysis of the
mechanism of heat transfer in nucleate pool
boiling.

1.3 Comparison of theoretical predictions with
experimental data

In the present section the theoretical pre-

dictions available from the literature are com-

pared with experimental data, for the purpose
of evaluating which theories are in reasonable
accord with this data.

It is clear from Section 1.2 that a large varia-
tion exists in the published functional relation-
ships for the expression: f = ¢ (D, a/g, system
parameters, thermophysical properties). A com-
parison of the different relationships is given in
Table 1, where the exponent of D varies from
—3 to —3, four of the relationships involve
system acceleration a/g, and five involve various
thermophysical fluid properties.

The fand D data for nucleate boiling from the
literature is plotted in Fig. 1. The key to the
individual data points is given in Table 2,
which also gives the literature source, type of
liquid, and the percentage of the critical heat flux
(where known).

The quantities fand D are dependent variables
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Table 1. Comparison of the expressions for bubble frequency as a function of diameter, system variables, and thermophysical
properties. Frequency is proportional to the product of the parameters raised to the powers listed in the table

Reference a Other  Thermophysical properties
Group Author number b (?) variabless 4 ¢ p, p. k. C.
Hydrodynamic Cole 13 -3 1
(theories) McFadden and Grassmann 17 -+ 4
Zuber 11 -1 i i -4
Transition Jakob and Linke 1 -1
(experimental  Siegel and Keshock 21 -1 3
results) Rallis and Jawurek 12 -3
Nishikawa and Urakawa 19 -3
Thermo- Zizina-Molozhen and Kutateladze 22 -1 q/A -1 -1
dynamic Staniszewski 23 -1 -1 -1 1
(theories) Hatton and Hall 43 -2 T2, D;2 -4 2 -4 1 1 1
Present author Section 1.2 -2 -1 1 -1
Table 2. Experimental results. Key to data points for Figs 1,2 and 7
Reference o
Group Author number Liquid % 0f(g/4),  Symbol
Hydrodynamic Cole 13 Water ~100 A
Present results Section 1.3 Water ~100 O
Perkins and Westwater 29 Methanol ~100 e
Jakob and Linke 1 Water <100
Jakob 16 Water <100
Yamagata and Nishikawa 33 Water <100
Van Wijk and Van Stralen 24 Water <100 «
Transition Present results Section 1.3 Water <100
Perkins and Westwater 29 Methanol <100
Westwater and Santangelo 34 Methanol <100
Dunskus and Westwater 35 Isopropanol <100 -x-
Jakob and Linke 1 Carbon Tetrachloride <100 »
Bobrovich and Mamontova 47 Water 15, 30, 45, 60 X
Thermodynamic ~ McFadden and Grassmann 17 Nitrogen <100 \%
Hatton and Hall 43 Water 5 O

in all the experiments reported, except those
of Van Wijk and Van Stralen [24]. Thus in all
other experiments the boiling condition was
controlled by the heat flux (or temperature
difference) for a given fluid, thermodynamic state
and system condition, while the values assumed
by f and D were dependent upon the values of
these parameters. In Van Wijk and Van Stralen’s

experiment, an a.c. heated thin wire produced
bubbles at a fixed frequency of 50 bubbles per
second (sic.), thus frequency was an independent
variable and bubble diameter was a dependent
variable. It is of interest to note (see Fig. 1)
that Van Wijk and Van Stralen’s results for
f and D are, nonetheless, similar to those in
which fwas a dependent variable.
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To supplement the data from the literature,
experiments were conducted in boiling from
thin wires at atmospheric pressure and from the
outside of tubes at sub-atmospheric pressures
to provide further data on small and large
bubbles respectively. The tests were made in a
pool of demineralised water contained in a
specially designed tank which could be subjected
to vacuum. Using a Fastax WF4 camera, high
speed cine films were taken of various boiling
conditions to provide a variety of bubble dia-
meters and corresponding bubble emission
frequencies. The present results are compared
with those from the literature in Fig, 2. Data on
steam bubble rise velocities were also obtained,
and these are shown in Fig. 6.

The hydrodynamic dimensionless group
(f D*/g*) has been plotted in Fig. 2 against bubble
diameter D. This group has been proposed by

H. J. IVEY

McFadden and Grassmann as providing a good
correlation over all bubble diameters, and their
correlation would be given by a horizontal line
(fD*/g*) = 0-56. The figure shows that the
vertical scatter of (f D*/g?) for all the experi-
mental data cannot be reduced from that shown,
unless the scatter for individual sets of data is
reduced. This is because the scatter for separate
sets of data is as large as the scatter for all data.
Individual data may be examined for self-
consistency by drawing smooth curves through
each set of data. This has been done in Fig. 1,
where the nitrogen data of McFadden and
Grassmann and the water data of Hatton and
Hall are fitted by f oc D~ 2. Similarly, the inter-
mediate bubble diameter data for a number of
investigations is fitted by foc D™% and the
large bubble diameter data by foc D~ % Thus
different frequency—diameter relationships may

~ Key to data points in Table 2
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FiG. 2. Comparison of three suggested correlations with data from the literature and present experiments, plotted as hydro-
dynamic dimensionless group vs. bubble diameter.
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arise as a result of the operation of different
boiling mechanisms for different sets of experi-
mental data.

The McFadden and Grassmann expression
(fD*/g*) = 056 provides a very approximate
relationship between f and D over the whole
range of D for which results are available. This
expression could therefore be used as a rough
approximation when details of the boiling
process (range of bubble diameters, heat flux
levels etc) are unknown. It would, however,
be correct to employ one of the more accurate
expressions where details of the boiling process
are known, or may be readily estimated.
Referring to Table 1, the expressions relating f
with D fall into two theoretical regions. The
models may be based upon a hydrodynamic or a
thermodynamic criterion, and between these a
transition region exists. As might be expected,
no very sharp distinctions may be made between
the boiling regions appropriate to the three
expressions. Some guidance on this is suggested
for each of the regions:

(a) Hydrodynamic region. All models relating
fwith D in this region are similar, based as they
are on equality of buoyancy and drag-forces.
Bubble frequency is related to bubble diameter
by inspection of Fig. 2 as:

fD* = 090g?. (22)
This applies to large bubbles (D > 0-5cm)
at medium and high heat fluxes (g/A4)/(q/4)., >
20 per cent. It also applies to medium diameter
bubbles (01 < D < 0-5 cm) at high heat fluxes
(q/A)/(g/A)., > 80 per cent, where drag and
buoyancy are the dominant forces [13].

Some evidence for this may be obtained from
the experimental observations of Bobrovich
and Mamontova [47] in pool boiling from a
horizontal stainless steel strip 0-2 cm wide in
water. Values of f and D were obtained at four
heat fluxes. At the lowest heat flux (g/4)/(g/A)., =
15 per cent, the experimental point (X) falls in
the transition region (see Fig. 1). The values at
the three higher heat fluxes (g/4)/(q/A)., =~ 30,
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45, 60 per cent fall on the curve for the hydro-
dynamic region.

(b) Transition region. A number of limited
experimental observations of fand D have been
reported, and are shown in Table 1 where the
exponent of D ranges from — 1 to — 3. Combining
these with the present results, a different relation-
ship is obtained. This has general applicability
for medium bubble diameters (ranging from D
~ 005 cm at high heat fluxes, through D ~ 1 cm
at low heat fluxes). Thus fand D are related by
experiment for the transition region, in which
surface tension, drag and buoyancy forces
are of the same order of magnitude:

fD* = 044 g* (cm?). (23)
The magnitudes of surface tension, drag and
buoyancy forces acting on a spherical bubble in
water in the bubble diameter region 1072 <
D < 10! (cm) are shown in Fig. 3. The inter-
sections of buoyancy and surface tension forces
for methanol, isopropanal, carbon tetra-chloride
and nitrogen are also shown. The intersections
all occur in the range of diameter 02 < D <
0'5 (cm). Comparison with Fig. 2 supports the
view that it is a transition region, where surface
tension, drag and buoyancy forces are of the
same order of magnitude.

The above remarks form an approximate
basis, being limited to spherical bubbles in
equilibrium. Recent work has shown [48] that
the relative magnitude of bubble forces (inertia
and surface tension) during growth on the
heater wall differs considerably according to the
shape of the bubble. Thus surface tension was
found to be the dominant force in spherical
bubbles and the inertial force was dominant in
hemispherical bubbles. For oblate bubbles, the
inertial force was predominant in early growth,
but less than the surface tension force in late
growth of the bubble. The importance of drag
force, however, was not considered, the analysis
being based on Rayleigh’s equation (as reported
by Westwater [49]), in which the viscous force
term was assumed negligible. As a bubble reaches
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its terminal rise velocity at the instant of de-
parture [13], the drag force would be consider-
able for large bubbles, and should not be
omitted from bubble growth studies.
Frederking and Daniels [50] have studied
f and D for saturation film boiling from a
0-25 in dia. sphere in liquid nitrogen, and their
results lie (without any preferred direction)

10%
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FiG. 3. Comparison of the absolute magnitudes of surface
tension, drag and buoyancy forces for spherical bubbles
in water.

in the region in Fig. 1 bounded by 20 < f <
405~ ', and 0-3 < D < 0-6 cm. Thus film boiling
results might be included in the present scheme
to relate f with D, but further work is required
on this aspect. Frederking and Daniels also
present some evidence that the dimensionless
group fD*/g* increases with increase in heat

H. J. IVEY

flux. Following critical discussion of their paper
by Lienhard and Huang[51], the authors
state that fD? is not constant but affected both
by heat flux and bubble diameter. This is in
accord with the present paper. The fact that
bubble diameter is a function of heat flux
increases the problem [47, 52].

(¢} Thermodynamic region. Two of the theoreti-
cal expressions invoking thermodynamic con-
siderations predict fD, and two others predict
fD? (see Table 1). By inspection of Fig. 1,
the nitrogen data of McFadden and Grassmann
and the water data of Hatton and Hall fall on
curves of the type fD? = constant. Thermo-
dynamic considerations arise in the case of small
bubbles (D & 0-05 cm), as well as medium size
bubbles (005 Z D Z 0-5cm) at very low heat
fluxes, where the frequency of bubble formation
islargely governed by thermodynamic conditions
during bubble growth. Variation of f and D
is predicted correctly for the two sets of data
both by the expression of Hatton and Hall,
and of the present author.

2, THE RELATIONSHIP u = fD

2.1 Introduction

No single analytical relationship between
fand D described in Section 1.2 has been accepted
for general use in all the theories described
in Section 1.1. To overcome this difficulty,
a fictitious velocity term u has been used to
replace the product fD, since it has the same
dimensions. The term u is then assumed to be
given by expressions for bubble rise velocities
for single bubbles, i.e. Stoke’s law [9], the
drag-buoyancy force balance [7] etc.

In numerous theories dealing with the critical
heat flux, a critical vapour velocity is associated
with occurrence of the critical heat flux, whereby
the vapour flow away from the heater surface
relative to the liquid flow towards the surface
is assumed to reach a critical value which may
not be exceeded. Many theories equate this
vapour velocity with a terminal bubble rise
velocity, which strictly applies only for a single
bubble in a large volume of liquid, as distinct
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from the chaotic behaviour of bubbles in the
boiling process. It has never been demonstrated
that the two radically different concepts of
velocity (vapour velocity; bubble rise velocity)
are in fact equivalent and interchangeable over
the whole range of bubble diameters occurring
in boiling.

Examples of theories for the critical heat flux
which employ the above assumptions are given
by: Griffith [9], in which the fD term was
replaced by V,..m (@an average bubble growth
velocity); Rohsenow and Griffith [8], in which
fD was equated to the bubble velocity; Zuber
[11], in which the assumption D/t, = u was
made for nucleate boiling, and A/t =y, .,
for the critical heat flux where A and t are assumed
to be bubble diameter and period respectively;
and Deissler [7], in which the critical heat flux
was assumed to occur when successive bubbles
touched, that is u = fD.

Theories for the nucleate boiling region also
employ similar assumptions, for example: Zuber
[26], in which the expression f D/u = 1 served to
ascertain the maximum possible frequency of
successive bubbles emanating from a single
site in the “laminar” region. The expression
also served to give the bubble population
corresponding to the maximum vapour hold-up
in the laminar region, and was used in the turbu-
lent region to determine the vapour hold-up;
and Lienhard [27], in which fD was assumed to
be the velocity at which bubbles rise for zero
separation between successive bubbles. Zuber’s
[11] expression for fD served as the velocity
term to determine the turbulent drag on the
rising bubbles.

Present justification for the use of u = fD
is obtained from experimental observations
illustrated in Fig. 4. The frequency of bubble
emission at a single site may be written as:

f=1

G+t
For low heat fluxes, Jakob and Linke [1] found
that ¢, ~ t;, For medium heat fluxes, Donald
and Haslam [28] and Perkins and Westwater

(24)
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[29] noted that ¢, = 0. Thus for most cases
f =1/t It has also been noted that the bubble
velocity is approximately constant as the bubble
grows and leaves the heater surface [1, 13, 28];
fromwhichu ~ D/t; It then follows thatu ~ fD.

= (a)
2

qé fc=’d

2

5

2

£

S /
o te 1 y Te /

Time

@

@

€

9

b~

2

L

L

-3

@
Time

F1G. 4. Bubble behaviour at a nucleating site as a function of

time.

t, = contact time of cool liquid with heater surface,

t; = nucleation and growth time of bubble on heater surface.
(a) Observations of Jakob and Linke [1].

(b) Observations of Donald and Haslam [28] and Cole [13].

Thus, the above theories have equated the pro-
duct of frequency and bubble diameter occurring
during the chaotic behaviour of the boiling
process with the rise velocity for a single bubble
in a large body of quiescent liquid. It has never
been determined whether the two radically
different concepts of velocity (bubble frequency
times diameter; bubble rise velocity) are in
fact equivalent and interchangeable over the
whole range of bubble diameter which occurs in
boiling.

2.2 Comparison of the experimental value of
bubble velocity (u) with the product (fD)
over a range of bubble diameters

To test the extent of the validity of the widely
assumed relationship u = fD, the bubble rise
velocities of both air and steam bubbles in
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water are plotted in Figs. 5 and 6 respectively
as functions of bubble diameter. The data
available from the literature for steam bubble
rise velocities has been augmented with experi-
mental observations by the present author.
Bubble rise velocities for large diameter bubbles
were obtained at sub-atmospheric pressures,
and small diameter bubble rise velocities were
obtained at atmospheric pressure. Figure 6
shows that the steam bubble rise velocity—
diameter relationship (given by the data points)
is very similar to that for air bubbles (given by
the curves and obtained from the data in Fig. 5).
In Fig. 7 the product fD(cm/s) is compared
directly with the curves for air bubble rise
velocity (cm/s) on a common abscissa of bubble
diameter.

Although there is lack of detailed agreement
between the two concepts, there is clearly a
general correspondence between the two as a

10
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function of bubble diameter over the whole
range of diameter shown. Much closer agreement
is obtained between the two concepts when the
hydrodynamic region of bubble diameter only
is considered [0:13 < D < 10(cm)]. In Fig. 6
the steam bubble rise velocities u lie along and
slightly above the curve for air bubble rise
velocity, while in Fig. 7 the experimental points
for fD for the hydrodynamic region only (for
key see Table 2) also lie along and slightly above
the air bubble curve. The close agreement
between the product f D and bubble rise velocity
u for the case of the hydrodynamic region is
not surprising, as the arguments for equating
the product f D to u have arisen from analytical
hydrodynamic considerations of the boiling
phenomenon.

It may therefore be concluded that the ex-
pression u = fD does have some justification
as an approximate quantitative identity as well
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F1G. 5. Bubble rise velocity—diameter curves for single air bubbles in water.
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as an approximate dimensionless relationship.
However, it should not be incorporated in
accurate theoretical analyses of the boiling
phenomenon, in which the proportionality
constant relating dimensionless groups is ob-
tained as an exact theoretical value, owing to
the naturally occurring scatter of + S0 per cent
evident in Figs. 6 and 7.

3. CONCLUSIONS

3.1 The relationshipf = ¢(D .. ..)

Evidence is given which indicates that a
single expression may not adequately correlate
bubble frequency with bubble diameter for all
bubble diameters in nucleate boiling. Three
separate regions are suggested with which the
experimental data are better correlated:

(a) Hydrodynamic region, in which

fD* = 090 g%,

diameter, cm

single steam bubbles and boiling bubbles in water.

(b) Transition region, in which
fD* = 044 g* (cm*)
(c) Thermodynamic region, in which

fD? = constant.

Theoretical explanations for the hydrodynamic
region and the thermodynamic region are
proposed, which account for the experimental
variation of bubble frequency with diameter in
the two regions.

3.2 The relationship u = fD

The widely used identity u = fD, between
bubble rise velocity and the product of bubble
frequency and diameter, is demonstrated to be
only approximately valid over the wide range
of bubble diameters considered. There is, how-
ever, closer agreement between experimental
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Key to data points in Table 2

Filtered or distilled
water (20°C)

Tap water
water curves (20°C)

- from Fig. 5 Tap water
(50°C)

[~ Air bubble rise in

10'

T

Bubble rise velocity curves (v) and bubble frequency x diameter points (D),
T

L1l |

*y

Ll [ N A

Bubble diameter,

109
cm

F1G. 7. Comparison of f D product with air bubble rise velocity—diameter curves from Fig. 5.

bubble rise velocities and frequency-diameter
products over a range of bubble diameters in
the hydrodynamic region. This is to be expected,
since the arguments equating u and fD have
arisen from hydrodynamic considerations of the
boiling phenomena.

The relationship u/fD = 1 should not be
incorporated into accurate theoretical analyses
of the boiling phenomenon, in which the propor-
tionality constant relating dimensionless groups
is obtained as an exact theoretical value, because
the experimental scatter indicates an approxi-
mate relationship only.
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APPENDIX 1
Bubble Rise Velocity Expression of Peebles and
Garber

Peebles and Garber [ 14] employed a relation-
ship for u, first suggested by Wigner [15], for
the region of bubble diameter in which bubble
rise velocity is approximately independent of
bubble diameter:

+
u= 1-18(9"J) .
PL

Wigner assumed that the bubble rise velocity
u was independent of diameter for continuously
growing bubbles, and that u = ¢(p., 0,9, 4r).
Dimensional analysis together with experi-
mental results gave:

5 (pLa3 g9: )‘ *
Hig '

Wy _
09,

From which:

%
‘= 2(%‘7_)
PL

thus indicating that bubble rise velocity was
independent of viscous forces.

APPENDIX 2

Dimensional Analysis Applied to the Bubble
Diameter—Frequency Problem in the
Hydrodynamic Region

McFadden and Grassmann[17] used di-
mensional analysis to obtain a relationship
between fand D by assuming that f D is a function
of D, o, p; and Ap; but in the two dimensionless
groups so obtained, the gravity term g appeared,

H. J. IVEY

indicating that the method of dimensional
analysis had not been applied rigorously.

The present analysis attempts to rationalise
the problem in terms of hydrodynamic factors
(an unstated but implicit assumption in
McFadden and Grassmann’s analysis). The
diameter and frequency of vapour bubbles are
here assumed to depend on the forces acting on
the bubble, namely buoyancy, drag, surface
tension, inertia, and viscosity.

The viscous forces will be neglected, as
Wigner [15] found bubble rise velocity was
independent of viscous forces for bubble sizes
occurring in saturation boiling. The functional
relationship given by the above assumptions
is then

f= ¢(D’ Ap’ 4,PL,U,0,0, u)

According to Buckingham [30], three dimen-
sions and nine parameters will give six di-
mensionless groups, from which the following
relationship is obtained using the Rayleigh
dimensional method

pu’D? _ ¢< goD fD p, u Ap>

gApD? gApD® u’p, g po)

The first two dimensionless groups are the
ratios of drag to buoyancy forces, and surface
tension to buoyancy forces. This arrangement
was chosen because the dominant force which
tears bubbles away from the heater surface
{(in saturation pool boiling) is the buoyancy
force. This has been demonstrated by Usiskin
and Siegel [31, 32] under near-zero-g boiling
conditions.

For most conditions the approximation
Ap ~ p; holds. It has also been observed
experimentally by Jakob [16] and Cole [13]
that steam bubbles rise with an approximately
uniform velocity at departure from the heating
surface; thus 4 ~ 0. Finally, assuming that
bubbles leave with no waiting period (for moder-
ate heat fluxes) at departure [28], and rise with
uniform velocity as indicated above, then
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u =~ fD. These assumptions give {(oL/p,), which is additional to those obtained by
, McFadden and Grassmann. In their analysis

f*D _ ( gso ﬁ) the term p, was excluded, and as for most

g gAp D% p, ]’ conditions p; ~ Ap, the group (p./p,) was

eliminated from their analysis by their initial
The above expression contains the term assumptions.

Résumé—De nombreuses theories du transport de chaleur par ébullition font rentrer la fréquence f, le
diamétre D et la vitesse de montée u des bulles dans leurs expressions du flux de chaleur d’ébullition
nucléée et du flux de chaleur critique. Afin de simplifier ces expressions, on emploie souvent des relations
individuelles entre fet D, et la relation u = f D, dans toute la gamme des diamétres de bulles. On met en
évidence une relation unique entre f et D pour n’importe quel diameétre de bulle, mais seulement d’une
fagon approchée. Les résultats expérimentaux se divisent en trois régions distinctes dans lesquelles ils
sont représentés mieux que par une relation unique: (a) Région hydrodynamique, dans laquelle les forces
principales agissent sur la bulle sont la force de flottaison et la trainée: fD* = 0,90 g*; (b) Région de
transition, dans laquelle la force de flottaison, la trainée et la tension superficielle sont du m*me ordre:
fD* = 044 gt (cm?); (c) Région thermodynamique, dans laquelle prédominent les conditions existant
pendant la croissance de la bulle: fD? = C*. Des explications théoriques pour la variation de f avec D
sont proposées pour les régions (a) et (c).

Les observations expérimentales indiquent que la relation u = fD est valable seulement d’une fagon
approchée dans la gamme des diametres de bulles: 0,02 > D > 3 cm.

La relation u/f D = 1 ne devrait donc pas étre prise en compte dans des analyses théoriques précises
de I’ébullition, dans lesquelles la relation de proportionnalité entre des groupes sans dimensions est

obtenue théoriquement d’une fagon exacte.

Zusammenfassung—Viele Analysen des Wirmeiibergangs beim Sieden fiihren in ihren Ausdriicken fiir
die Wirmestromdichte beim Sieden und bei der Siedekrisis die Blasenfrequenz f an, den Blasendurchmesser
D und die Blasensteiggeschwindigkeit u. Zur Vereinfachung dieser Ausdriicke werden oft besondere
Beziehungen zwischen f und D, und die Beziehung u = fD fiir den gesamten Bereich der Blasendurch-
messer verwendet.

Es wird bewiesen, dass eine einzelne Beziehung fiir alle Blasendurchmesser beim Sieden die Werte f
und D nur ndherungsweise zueinander in Beziehung setzen kann. Auf Grund von Versuchsdaten ergeben
sich drei getrennte Bereiche, wobei die Daten der einzelnen Bereiche durch gesonderte Gleichungen
besser beschrieben werden konnen, als dies in einer einzigen Beziehung moglich ist: (a) Hydrodynamischer
Bereich, in welchem Auftrieb und Widerstand die iiberwiegend auf die Blase wirkenden Krifte sind:
FD* = 090 g*; (b) Ubergangsbereich, in dem Auftriebs-, Widerstands- und Oberflichenspannungskrifte
vergleichbar sind: f D* = 0.44 g* (cm?); (c) Thermodynamischer Bereich, in dem die Bedingungen wiihrend
des Blasenwachstums vorherrschen f D? = const.

Fiir die Bereiche (a) und (c) werden theoretische Erklirungen fiir die Anderung von f mit D angefiihrt.
Beobachtungen beim Versuch ergeben, dass die Beziehung u = fD nur fiir einen Blasendurchmesser
von 0,02 > D > 3 cm néherungsweise giiltig ist. Deshalb sollte die Beziehung u/fD = 1 nicht in genaue
theoretische Analysen des Siedens eingesetzt werden. bei welchen die Proportionalkonstante dimensions-
loser Gruppen als exakter theoretischer Wert erhalten wird.

ARRoTanuA—MHOrHe AHAMNBI0 MO TEMIOOGMEHY IIPH KHIEHHMH BKIOYAIOT BeJWYHHH :
4acTOTa NMYBHPHKOB f MUaMerp HYSHPHKOB D M CKODOCTb NOKbEMA # B BHPAMEHUAX IJA
TEIUIOBOr0 TOTOKA NMPH NY3HPHKOBOM KUIEHUH M JUIA KPUTHYECKOTO TEIJIOBOTO IIOTOKA.
JnAa ynpomesus 3THX YPaBHEHME YacTO MCIIOJb3YIOTCHA OTAEJIbHHE 3aBUCHMOCTH Mewkay f
u D u Bupaskenne 4 = fD Bo BCeM [IMana3oHe MBMEHEHUHA MAMETPOB MY3HPbKOB,
IlonTBepskpaeTcA, 4TO eMHCTBEHHAA 3aBHCHMOCTH TOJBKO NPUGIMBHTENLHO YBA3KBAET
fu D gus Bcex QMaMeTPOB NMy3HIPBKOB IIpH Iy3HIPbKOBOM Kumennu. Vcxonsa uz sxcmepn-
MEHTAJbHHX JAaHHHX, NpPEJIOMKEHO TPH COOTHOLIEHHH JJIA TPEX OTHAEJBHHX o6macrei,
KOTOPHE TOpasfo Jyullle YBASHBAIOT JAaHHHE NJIA KoM o6racTu, 4eM eNMHCTBEHHAA
sapucumocTs ; (a) M'ugpognuaMmudeckan 061aCTh, B KOTOPOH OCHOBHHIMH CHIAMHU, BIIMAIOUIAMH
Ha NySHpEK, ABIAKTCA MONbEMHAA CHIa M comporuBienme: f D} = 0,90 gt; (6) Ilepe-
XOofHaA 061acTh, B KOTOPOH CPaBHMME IO BeJN4YHMHE NONBbEMHAA CHJIA, CONPOTHMBIEHNE H
cuna moBepXHOCTHOro Harmkenns: f D! 0,44 gt (cmi); (B) Tepmonmmamudeckas obmacTs,
B KOTOPOH YCJAOBHA B IEPHOX DPOCTa IY3HPbKOB ABIAKTCHA NPeIOMUHMpYylomumu : f D? =
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constant. [Ipeparaercsi TeopeTmdyeckoe oObAcCHeHMe uaMeneHMA f ¢ MaMenemmeM D aus
obaacreit (a) u (B).

OKCHePHMEHTANbHHE MCCICTOBAHMA YKA3HBAWT, YTO COOTHOMWEHKe # =S D T0ILKO mpH-
6IMBUTENPHO CHPABEJIMBO B JAMANA30HE W3MEHEHHA TMAMeTPOB MyasHpskoB: 0,02 > D >
3 cm.

TosroMy cooTHomenue WfD =1 He JOMKHO BKJIIOYATBCA B TOYHHE TEOPETHUECKHE
aHANIMBH ABIEHMA KHIEHMA, B KOTOPHX NPONOPLUOHAILHOCTE MOCTOAHHOIO COOTHONIEHMSA

GespaaMepHHX IPYMI MOJNYYAeTCH KAK Mo¥HaS TEOPETHYECKAH BEIMUMHA.



